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Abstract
Zelenyuk, Protasov and Khromulyak have proven that each countable ring is complete with the
ring topology which is maximum among those for which a certain T-sequence converges. We present
some concrete examples of this situation on Q. In particular, we present the maximum ring topology
on Q for which the sequence (1/n) converges to zero, and also the maximum ring topology on Q for
which (1/pn) converges to zero, pn being the nth prime number.
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1. Introduction
A topological ring (R,T ) is a ringR provided with a topology T such that the algebraic
operations (x, y) → x ± y and (x, y) → xy are continuous. A topological field (K,T )
is a field K equipped with a ring topology T such that the inversion x → x−1 is also
continuous. For an introduction to topological fields and rings, the books [2,14–16] are
recommended.
A sequence on a commutative ring R is called by Zelenyuk, Protasov and Khromulyak
[17,18] a T-sequence if there exists a nontrivial Hausdorff ring topology on R for which
the sequence converges. They proved that each countable ring is complete with the ring
topology which is maximum among those for which a certain T-sequence converges. We
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present the maximum ring topology on Q for which the sequence (1/n)n∈N converges
to zero, which is also the maximum group topology on (Q,+) among those for which
(1/n)n∈N converges to zero. In the last section we exhibit other similar topologies, in
particular, the maximum ring topology on Q for which the sequence (1/pn)n∈N converges
to zero, pn being the nth prime number. These ring topologies do not fulfill the first axiom
of countability; that is, they do not have any countable neighborhood basis at zero. Let p
be a prime number; proceeding in an analogous way to this article we introduced in [7] the
maximum ring topology on Q for which the sequence (1/pn)n∈N converges to zero, and
also the corresponding topologies for the sequence (pn)n∈N on Z and Q.
We recall that for a family {Ui}i∈I of subsets of a commutative ring R to be a
fundamental system of neighborhoods of zero for a Hausdorff ring topology T on R, it
suffices that the following properties hold.
For all i ∈ I 0 ∈ Ui, Ui =−Ui. (1)
For all i ∈ I there exists k ∈ I such that Uk +Uk ⊆Ui. (2)
For all i ∈ I there exists k ∈ I such that UkUk ⊆Ui. (3)
For all i ∈ I and x ∈R there exists k ∈ I such that xUk ⊆Ui. (4)⋂
i∈I
Ui = {0}. (5)
If, in addition, R is a field, then T is a field topology if {Ui}i∈I also satisfies the following
condition.
For all i ∈ I there exists k ∈ I such that (1+Uk)−1 ⊆ 1+Ui. (6)
See [5,9], [14, p. 4], [15, p. 79] or [16, p. 3], for instance.
2. Maximum ring topologies with a prescribed convergent sequence
In this section we present some results obtained by Zelenyuk, Protasov and Khromulyak
in [17,18]. A sequence (an)n∈N on a commutative ring R (group (R,+)) is called a
T-sequence if there exists a Hausdorff ring (group) topology T on R for which (an)n∈N
converges to zero. In [17,18], the sequences defined on a ring (group) R which are
T-sequences are characterized. In the sequel we deal only with T-sequences (an)n∈N such
that an = am for all n =m.
In the collection of all nondiscrete Hausdorff ring (group) topologies on a ring (group)
R, we consider the order given by the relation Ti  Tj , that is, Tj is finer than Ti .
For each T-sequence (an) on a ring (group)R, there is a maximum ring (group) topology
among those for which (an) converges to zero [17,18,7]. Given a T-sequence (an)n∈N on a
ring (group) R, this ring (group) with the maximum ring (group) topology on R for which
(an)→ 0 is denoted by R{an}.
Theorem 1. If R is a countable ring (group), the topological ring (group) R{an} is
complete [17,18].
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Nevertheless, if R is a ring, this topology is not maximal in the class of all ring topologies
on R. Kabanova [6] proved that every countable field equipped with a maximal nondiscrete
field topology does not contain nontrivial converging sequences. See also [13]. In the
general situation we have
Lemma 2. Let R be a countable ring. For every nontrivial T-sequence (an)n∈N, there exists
a subsequence (bn)n∈N such that the ring topology of R{bn} is strictly finer than the ring
topology of R{an} [12].
Corollary 3. Let R be a countable ring and let T be a nondiscrete maximal ring topology
on R. Then every compact subset in (R,T ) is finite. In particular, every convergent
sequence in (R,T ) is trivial [12].
We say that a set is sequentially closed if it contains the limits of all convergent
sequences taking values in the set. A topological space is called sequential if every
sequentially closed subset is closed.
Theorem 4. If R is countable, the topological ring R{an} is sequential [18].
Graev [4] and Nienhuys [10,11] proved that Z is complete for the finest group topology
such that a certain specific sequence converges to zero. Related results can be found
in [1,3,8].
3. The maximum ring topology on Q for which 1/n converges to zero
In this section we introduce the maximum ring topology on the rational number field Q
among those for which the sequence (1/n)n∈N converges to zero. This is also the maximum
group topology on (Q,+) among those for which (1/n)n∈N converges to zero.
Let F be the collection of all strictly increasing functions f :N ∪ {0}→ N ∪ {0} with
f (0)= 0. The family F is a directed set with the partial order f  g if f (n) g(n) for all
n ∈N. For each f ∈F we define a subset of Q:
Zf =
{
l∑
n=1
an
kn
: an ∈ {−1,0,+1}, f (n) kn for all n
}
, (7)
where kn ∈ N. It is clear that Zf ⊆ Zg if f  g. We are going to see that the collection
{Zf }f∈F is a basis of zero neighborhoods for our topology on Q. It is clear that we
must allow that any finite sum of subsequences of (±1/n)n∈N to converge to zero. On
the other hand, the bound f (n) kn implies that the denominators of a convergent series∑∞
n=1 1/kn increase faster than any sequence (f (n))n∈N. Therefore one can expect that
there are no nontrivial convergent series, and the only sequences converging to zero are the
aforementioned ones.
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Theorem 5. The family BZ = {Zf }f∈F is a fundamental system of zero neighborhoods for
a ring topology Tµ on Q finer than the usual topology. The sequence (1/n) converges to
zero in this topology Tµ.
Proof. We are going to show that BZ satisfies properties (1)–(5) in the introduction.
Property (1) is trivial. We check property (2). For each Zf ∈ BZ we choose g ∈ F such
that g(n) f (2n) for all n ∈N. Let
α =
l∑
n=1
an
kn
, β =
l∑
n=1
bn
tn
∈Zg, (8)
written according to (7). We set α + β =∑2ln=1 cn/vn, where c2n−1/v2n−1 = an/kn and
c2n/v2n = bn/tn for n= 1, . . . , l. We have that
f (2n− 1) g(n) kn = v2n−1,
f (2n) g(n) tn = v2n.
Thus α+ β ∈ Zf , and Zg +Zg ⊆Zf .
We show property (3). For each Zf ∈ BZ , we take g ∈ F such that f (2n2) g(n) for
every n ∈N. We define in N×N the graded lexicographic ordering, that is,
(n1,m1) < (n2,m2)
def⇐⇒ n1 +m1 < n2 +m2, or
n1 +m1 = n2 +m2 and n1 < n2.
Following this ordering we have a bijection σ :N × N→ N; where σ(n,m) = s means
that (n,m) is the sth term in N × N according to this ordering. It is easy to check that,
if σ(n,m) = s, then s  2(max(n,m))2. Let α, β ∈ Zg written as in (8). We write their
product αβ =∑l2s=1 cs/vs , where cs = anbm and vs = kntm for s = σ(n,m). Assuming
that nm, we have that
f (s) f
(
2
(
max(n,m)
)2)= f (2m2) g(m) tm  kntm = vs .
Therefore αβ ∈Zf , and ZgZg ⊆Zf .
We check property (4). For b ∈N and α =∑ln=1 an/kn ∈Zf , we write
1
b
α =
l∑
n=1
an
bkn
=
l∑
n=1
an
vn
,
where vn = bkn. It is easy to see that α/b ∈ Zf and (1/b)Zf ⊆ Zf . Moreover, for a ∈ N
and Zf , we choose g ∈F such that g(n) f (an) for all n ∈N. Given α =∑ln=1 an/kn ∈
Zg , we write
aα =
al∑
s=1
cs
ts
,
where cs = an and ts = kn for s ∈ {(n− 1)a + 1, (n− 1)a + 2, . . . , na}. We have
f (s) f (na) g(n) kn = ts .
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Thus aα ∈Zf , and aZg ⊆Zf .
Finally we check that the topology Tµ is finer than the usual topology on Q. For each
m ∈N let fm(n)=mn2. Given α =∑ln=1 an/kn ∈ Zfm \ {0}, we have
|α|
l∑
n=1
1
mn2
= 1
m
∞∑
n=1
1
n2
 π
2
m6
.
Consequently Zfm ⊆ (−π2/6m,π2/6m). ✷
We shall define another family of subsets of Q which is a fundamental systems of zero
neighborhoods for the ring topology Tµ too. For each f ∈ F we define the following
subsets:
Yf =
{
l∑
n=1
an
kn
: |an| n, f (n) kn for all n
}
, (9)
where an ∈ Z and kn ∈N.
Lemma 6. The family BY = {Yf }f∈F is a neighborhood basis at zero for the ring topology
Tµ on Q.
Proof. It is obvious that Zf ⊆ Yf for all f ∈F . For each Zf ∈ BZ , we choose g ∈F such
that g(n) f (n(n+ 1)/2) for all n ∈N. It is easy to check that Yg ⊆Zf . ✷
Theorem 7. The topology Tµ is the maximum one among the group topologies on (Q,+)
for which the sequence (1/n)n∈N converges to zero.
Proof. Let T be a group topology on (Q,+) for which (1/n)→ 0, and let V be a
neighborhood of zero for T . For each n ∈N ∪ {0} we consider the set Sn = {a ∈ Z: |a|
n}. There exists a family of zero neighborhoods {Vn}n0 for T which fulfills the following
conditions: V0 = V , Vn+1 ⊆ Vn, Vn+1 + Vn+1 ⊆ Vn, SnVn+1 ⊆ Vn for all n 0.
Since 1/m→ 0 with respect to T , for each n ∈N there exists tn such that 1/m ∈ Vn+1
for all m tn. We choose the numbers tn such that tn < tn+1 for all n. We also have that
Sn
m
⊆ Vn for all m tn.
We inductively get
V1 + V1 ⊆ V0,
V1 + V2 + V2 ⊆ V0,
· · ·
V1 + V2 + · · · + Vl−1 + Vl + Vl ⊆ V0, for all l ∈N.
Hence, every element of the form
l∑
n=1
an
kn
: tn  kn and |an| n,
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belongs to V0. We consider f ∈ F such that f (n)= tn for all n ∈ N. Therefore it is clear
that Yf ⊆ V0, and consequently T  Tµ. ✷
Corollary 8. The ring topology Tµ is the maximum one among the ring topologies on Q
for which the sequence (1/n)n∈N converges to zero.
The idea that Tµ is the maximum group topology on (Q,+) with the given property
was suggested by Protasov [12]; at first we only realized the result in the corollary.
Theorem 9. The topological ring (Q,Tµ) is complete.
Proof. It is enough to consider Theorem 1 and Corollary 8. ✷
We are going to describe the sequences which converge for Tµ. In fact, a sequence
converges to zero if and only if it is a finite sum of subsequences of (±1/n)n∈N. For the
purpose of proving this fact, we introduce some subsets of the rational number field; for
each n ∈N we define
n =
{
a
b
: a ∈ {−1,0,+1}, b ∈N, b  n
}
. (10)
Every infinite set contained in n can be expressed as a sequence converging to zero for
the topology Tµ, and so n is a compact set whose only accumulation point is zero. If we
have natural numbers n1, . . . , ns , then n1 + · · · + ns is also a compact set in (Q,Tµ).
Notice that, for each f ∈F ,
Zf =
⋃
m∈N
(
m∑
s=1
⌊
f (s)
⌉)
. (11)
We define other subsets of Q. For each l ∈N let
Al =
l times︷ ︸︸ ︷
1+ · · · + 1 =
{
l∑
n=1
an
kn
: |an| 1, kn ∈N
}
. (12)
Each set Al is compact. It is clear that Q = ⋃l∈NAl , Al ⊆ At for l  t , and As +
At = As+t . The following result has been obtained in a general form by Zelenyuk and
Protasov [17].
Lemma 10. Let (hn)n∈N be a sequence of rational numbers which converges to zero in
(Q,Tµ). Then there exists l ∈N such that hn ∈Al for all n ∈N but a finite number.
Proof. We reason by the way of contradiction. We may assume that hn /∈ An for all n,
after passing to subsequences if required. We shall construct a neighborhood of zeroZf not
containing any value of the sequence (hn), which is absurd. We define Xn = {hi : hi ∈An};
obviously Xn is finite for each n. Since Q =⋃n∈NAn, then {hn}n∈N = ⋃n∈NXn. We
choose t1 ∈ N such that X1 ∩ t1 = ∅. If X2 ∩ (t1 + m) = ∅ for all m > t1, then,
since X2 is finite, there exists an element α ∈ Q satisfying α ∈X2 ∩ (t1 + m) for all
J.E. Marcos / Topology and its Applications 128 (2003) 157–167 163
m > t1. This means α = βm + γm, where βm ∈ t1 and γm ∈ m for all m > t1. Since
γm → 0, then βm → α. Since the set t1 is compact, it follows that α ∈ t1 ⊆ A1, and
so α ∈X1 ∩ t1; but this contradicts the choice of t1. Hence there exists t2 > t1 satisfying
X2 ∩ (t1 + t2)= ∅. Continuing in the same manner, at the sth step we find ts > ts−1
such that
Xs ∩
(t1 + t2 + · · · + ts)= ∅.
We choose f ∈F such that f (n)= tn for all n ∈N. Using the equality (11), we conclude
that (
⋃
s∈NXs)∩Zf = ∅ and {hn}n∈N ∩Zf = ∅, which is an absurdity. ✷
We consider in Q the field topology obtained from Tµ whose neighborhood basis at
zero is
Bν =
{
Zf
1+Zf : f ∈F , −1 /∈Zf
}
.
We call this field topology Tν ; it is the maximum field topology onQ among those in which
the sequence (1/n)n∈N → 0. It seems difficult to describe explicitly the neighborhoods
Zf /(1+Zf ). We do not know which topology is Tν . Maybe, it coincides with the usual
topology Tu on Q.
The above results can easily be translated into the following similar situation. Let t  2
be a natural number. We consider the sequence (1/nt )n∈N. The maximum ring topology
on Q among those for which (1/nt )→ 0 coincides with the maximum group topology on
(Q,+) among those for which (1/nt)→ 0. The field Q with this topology is a complete
topological ring. This topology on Q has the neighborhood basis at zero BV = {Vf }f∈F ,
where the neighborhoods are
Vf =
{
l∑
m=1
am
(km)t
: am ∈ {−1,0,1}, km ∈N, f (m) km for all m
}
.
4. Other ring topologies on Q
In this section we introduce other examples of ring topologies on Q which are the
maximum one among the ring topologies onQ for which a certain T-sequence converges to
zero. The rational number field Q is a complete topological ring endowed with each of the
subsequent ring topologies. However, these topologies are not maximum group topologies
for their T-sequences. We skip many proofs since they are similar to the corresponding
ones in the previous section.
4.1. The maximum ring topology on Q for which the sequence of the reciprocals of the
prime powers converges to zero
Let ω :N→ N be the arithmetical function which gives the number of distinct primes
dividing n. That is, if p1, . . . , ps are different primes, then ω(pm11 · · ·pmss ) = s, and
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ω(1) = 0. We consider the set H = {m ∈ N: ω(m) = 1}. We express it as a strictly
increasing sequence H = {hn: n ∈N}, where hn < hn+1 for all n ∈N.
We consider the family BV = {Vf }f∈F of subsets of Q, where
Vf =
{
l∑
n=1
an
kn
: an ∈ {0,±1}, f (n) kn, f
(
ω(kn)
)
 kn for all n
}
,
with kn ∈N. Let Tω be the ring topology on Q which has BV = {Vf }f∈F as a basis of zero
neighborhoods. For each f ∈F we define the following subset of Q,
Yf =
{
l∑
n=1
an
kn
: |an| n, f (n) kn, f
(
ω(kn)
)
 kn for all n
}
,
where an ∈ Z and kn ∈N. The family BY = {Yf }f∈F is also a basis of zero neighborhoods
for the topology Tω; the proof of this fact is analogous to that of Lemma 6. We are going
to see that Tω is the maximum ring topology on Q among those for which the sequence
(1/hn)n∈N converges to zero. We need the following result about the ring topologies for
which (1/hn) converges to zero.
Lemma 11. Let T be a Hausdorff ring topology on Q such that (1/hn)n∈N→ 0 for T . For
each neighborhood W of zero and each n ∈ N, there exists sn ∈ N such that 1/b ∈W for
all b ∈N with b  sn and ω(b) n.
Proof. We first prove the lemma for n = 2. Let V1 be a neighborhood of zero such that
V1 ⊂W and V1V1 ⊆W . There exists r1 ∈N such that 1/b ∈ V1 for all b ∈N with ω(b)= 1
and b  r1. Let
H = {1/h: h ∈N, ω(h)= 1, h r1},
which is a finite set. Hence there exists a neighborhood of zero V2 satisfying V2 ⊆W and
HV2 ⊆W . There exists r2  r1 such that 1/b ∈ V2 for all b ∈N with ω(b)= 1 and b r2.
Let s2 = (r2)2  (r1)2. We shall prove that, for all a ∈ N with ω(a)  2 and a  s2,
the element 1/a ∈ W . If ω(a) = 1, it is clear that 1/a ∈ V1 ⊆ W . If ω(a) = 2, then
a = a1a2 with ω(a1) = ω(a2) = 1. Now, we have two options: If a1  r1 and a2  r1,
then 1/a = (1/a1)(1/a2) ∈ V1V1 ⊆ W . If a1 < r1, then a2 > r2 and 1/a1 ∈ H , hence
1/a = (1/a1)(1/a2) ∈HV2 ⊆W .
We can inductively prove the lemma, in the same way, for all n > 2. ✷
The following theorem is a result analogous to Corollary 8.
Theorem 12. The topology Tω is the maximum one among those ring topologies on Q for
which 1/hn→ 0.
Proof. Let T be a ring topology on Q for which 1/hn→ 0, and let V be a neighborhood
of zero for T . We define the sets Sn and a family of zero neighborhoods {Vn}n0 in the
same manner as we did in the proof of Theorem 7.
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By the previous lemma, for each n ∈ N, there exists tn such that 1/m ∈ Vn+1 for all
m  tn with ω(m)  n. We choose the numbers tn such that tn < tn+1 for all n. We also
have that
Sn
m
⊆ Vn for all m tn with ω(m) n.
As in the proof of Theorem 7, we inductively get that V1+V2+ · · ·+Vl−1+Vl +Vl ⊆ V0
for all l ∈ N. We consider f ∈ F such that f (n) = tn for all n ∈ N; let Yf be the
corresponding neighborhood of zero. Let
α =
l∑
n=1
an
kn
∈ Yf ,
which satisfies |an|  n, f (n)  kn and f (ω(kn))  kn for n = 1, . . . , l. We have two
cases: If ω(kn) n, then it is clear that an/kn ∈ Vn. If ω(kn)= s > n, then ts = f (s) kn
and an/kn ∈ Vs ⊆ Vn. Therefore α ∈ V1 + · · · + Vl ⊆ V0, and Yf ⊆ V0. Thus T  Tω. ✷
4.2. The maximum ring topology on Q for which the sequence 1/pn converges to zero
We consider the two arithmetical functions d( ) and Ω( ). The function Ω(n) express
the total number of prime factors of n (counting multiple prime factors), and the function
d(n) express the number of positive divisors of n. That is, if p1, . . . , pm are different primes
and n= ps11 · · ·psmm , then Ω(n)= s1 + · · · + sm and d(n)= (1+ s1) · · · (1+ sm). We have
the inequalities
Ω(n) d(n) 2Ω(n). (13)
Let pn be the nth prime number. We call Tp the maximum ring topology on Q among
those for which the sequence (1/pn)n∈N converges to zero. The topological ring (Q,Tp)
is complete. The ring topology Tp has the following neighborhood bases at zero: BV =
{Vf }f∈F , BY = {Yf }f∈F , where the neighborhoods are
Vf =
{
l∑
n=1
an
kn
: |an| 1, f (n) kn, f
(
Ω(kn)
)
 kn for all m
}
,
Yf =
{
l∑
n=1
an
kn
: |an| n, f (n) kn, f
(
Ω(kn)
)
 kn for all n
}
,
where an ∈ Z and kn ∈ N. Taking into account the inequalities (13), we can replace the
function Ω(n) by d(n) in the above formulae, and we get equivalent neighborhood bases
for the ring topology Tp . It is clear that Tω < Tp .
The proof that BV and BY are neighborhood bases at zero for Tp uses the following
result, whose proof is analogous to that of Lemma 11. We only need to replace the
arithmetical function ω with Ω .
Lemma 13. Let T be a Hausdorff ring topology on Q such that (1/pn)n∈N→ 0 for T . For
each neighborhood W of zero and each n ∈ N, there exists sn ∈ N such that 1/b ∈W for
all b ∈N with b  sn and Ω(b) n.
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Corollary 14. Let T be a Hausdorff ring topology on Q such that (1/pn)n∈N→ 0 for T .
For each neighborhood W of zero and each n ∈N, there exists sn ∈ N such that 1/b ∈W
for all b ∈N with b sn and d(b) n.
Proof. It suffices to consider that d(n) 2Ω(n). ✷
4.3. More ring topologies on Q
There are many ring topologies on Q which can be defined by means of arithmetical
functions applied to the denominators of fractions. We simply mention other examples
without proofs.
Let γ :N→ N be the arithmetical function which gives the maximum exponent of the
primes in the factorization of n. That is, if p1, . . . , ps are different primes, then
γ
(
p
m1
1 · · ·pmss
)=max{m1, . . . ,ms}, and γ (1)= 0.
Let µ be the Möbius function. We consider the set G = {n ∈ N: µ(n) = 0} = {n ∈
N: p2  n for each prime p}, that is, the set of natural numbers which are square-free. We
express it as a strictly increasing sequence G = {gn: n ∈ N}, where gn < gn+1 for all
n ∈N. The maximum ring topology on Q among those for which the sequence (1/gn)n∈N
converges to zero has the following neighborhood base at zero: Bγ = {Wf }f∈F , where the
neighborhoods are
Wf =
{
l∑
n=1
an
kn
: an ∈ {−1,0,1}, f (n) kn, f
(
γ (kn)
)
 kn for all n
}
,
with kn ∈N.
Let Tt be another ring topology on Q which has the following base of zero
neighborhoods Bt = {Uf }f∈F , where
Uf =
{
l∑
n=1
an
kn
: an ∈ {−1,0,1}, kn ∈N, f (n) ω(kn) for all n
}
.
We consider the set E of sequences (1/an)n∈N which fulfill that an ∈N and
lim
n→∞ω(an)=+∞.
This ring topology Tt is the maximum one among those ring topologies on Q for which
each sequence in E converges to zero. Now the topology has been constructed depending
on a family of T-sequences, not a single sequence. It is clear that the ring topology Tt is
strictly finer than Tµ.
If we replace in the last example the arithmetical function ω with Ω or γ , then we get
other ring topologies on Q with analogous features.
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